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Let R denote the group of rigid motions of three-dimensional euclidean 
space, and let T c R be the normal subgroup of translations. Then 
R/T = O(3), the three-dimensional orthogonal group, and R is the semi- 
direct product of T and O(3), which we will denote by T >a O(3) or 
O(3) K T. 
A crystallographic group I is a subgroup of R such that I n T is a 
lattice L. For y E I, the mapping yLy-' determines an element of 
GL(3, Z), where GU3, Z) can be identified with the 3 X 3 matrices with 
integer entries and determinant f 1. Hence T/L is a discrete subgroup of 
the compact group O(3) and therefore is a finite group. Thus I satisfies 
the exact sequence: 
where T/L is a finite group and L is a maximal abelian subgroup of I. It 
follows easily from the Weyl unitary trick that the above properties 
characterize crystallographic groups Ii and I, as being equivalent if there 
exists an orientation preserving affine motion M such that M TIM-’ = I’,. 
In more abstract terms this means that not only are Ii and I, isomorphic, 
but they are equivalent as group extensions. 
The classification of three-dimensional crystallographic groups was com- 
pleted almost exactly 100 years ago by three independent efforts. It is not 
our intention to review the history of this classification. The interested 
reader can find such information in [l]. We will only remark that the 
methods employed were very geometric and rested on a knowledge of 
what are called Bravais lattices. Since the mathematics of the past 100 
years has been so influenced by algebraic ideas, it seems appropriate to 
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present a classification that makes use of the knowledge of matrix and 
group theory we have gained during this period. 
From our characterization of crystallographic groups, we see that our 
first task is the classification of the finite subgroups of GL(3,Z> up to 
integer equivalence, i.e., up to conjugation by an element of SL(3, Z). The 
second task is to determine all the corresponding group extensions. In this 
paper we will only present a solution to the first classification problem. 
The following theorem gives the flavor of our approach to this problem. 
THEOREM 1. Let F be a finite subgroup of SL(3, Z). Then 
1. F is solvable. 
2. If F is Abelian it is one of the groups Z/nZ, n = 1, 2, 3, 4, or 6, or 
z/22 0 z/22. 
3. F contains a normal Abelian subgroup M that ti maximal Abelian 
in F. 
4. F z M >a G, where G c Aut(M) 
where Aut(M) denotes the automorphism group of M. 
It should be remarked that the relation of our results to the standard 
presentation of crystallographic groups is contained in the paper of R. W. 
Johnson that is also in this volume. We will present this material for the 
mathematician and so will assume the standard knowledge of matrix and 
group theory. The Weyl trick, mentioned above, allows us to conjugate 
finite subgroups of GL(3, Z) into O(3); this point of view should always be 
kept in mind. 
1. THE ISOMORPHISM PROBLEM 
In this section we will classify the finite subgroups of GL(3, Z) up to 
isomorphism. Now if Z is the identity matrix, -I is central and has 
determinant - 1. If SL(3, Z) c GL(3, Z) are the elements of positive 
determinant, it follows that GL(3, Z) is the direct product of the subgroup 
(Z, - I} and SL(3, Z). We will henceforth use the notation 1 ( for the 
determinant of a matrix, or the absolute value of a number. The context 
will make the meaning clear. Our first task, and indeed the only hard part, 
is to classify the finite subgroups of SL(3, Z). Accordingly, let g E SL(3,Z> 
and assume g k = I k > 1. Then the trace of g is an integer and is equal 
to the sum of the ‘eigenvalues of g. But g is conjugate to a matrix in 
O’(3), the subgroup of orthogonal matrices with determinant 1. Hence its 
eigenvalues are 1,0,8, where 101 = 1. Thus g has exactly one eigenvalue 
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l,and8+8isaninteger.Let6=cosa+isina.Then8+8=2cosa 
EZ.Sincelcos~I <lwehavecoscu=O, fi,or +l.Thuskmaybe2, 
3, 4, or 6. It follows that the characteristic equation of gk is (x - l>C,, 
where 
Characteristic equation Row-column companion matrix 
c, = (x + l)* g*=(-; j) 
c,=x*+x+1 
c, =x2 + 1 
c,=x*-xx+ 
g,=(J -:)=(y I:) 
g4=(-; )=(:, -;) 
&=(f -:)=+y :) 
Thus ( 1 
i i’ generates a group of order k. 
LEMMA 1. Let F be a finite subgroup of SL(3, Z). Then the order of F 
has the form 2*3p, a, p E z, a, p 2 0. 
Proof. Let p be a prime dividing the order of F. By the Sylow 
theorems, there exists an element of F of order p. Our previous discussion 
shows that p must be 2 or 3. q 
We will now recall the deep theorem of Burnside that asserts that any 
finite subgroup of SL(3, Z) whose elements have order p”q@, p, q primes, 
is solvable. See [l] for a discussion of this result. Since F is solvable and so 
built from abelian groups, it is natural to begin by classifying the finite 
abelian subgroups of SL(3, Z). 
THEOREM 2. Let A be a finite abelian subgroup of SL(3,Z). Then A is 
isomorphic to one of the groups Z/nZ, n = 1, 2, 3, 4, or 6, or Z/2 @ Z/2. 
Proof Let a E A, a # I. Then a has exactly one eigenvalue 1, and up 
to rational choice of basis we may assume that A consists of matrices of 
the form 
Case 1. There exists a E A of order 3, 4, or 6. Let b E A. Then 
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and lb’1 = 1. This is because in O(2) an element of negative determinant 
does not commute with an element of positive determinant. Hence the 
mapping b e b’ is an isomorphism of A into O’(2). But any finite 
subgroup of the circle group is cyclic and so A z Z/nZ, n = 3, 4, or 6. 
Case 2. Every element of A has order 2. It is easy to verify by an 
eigenvalue argument that over Q, the rationals, A is generated by the 
matrices 
[’ -l J and (-’ l vl) 
and so is isomorphic to Z/22 @ Z/22. 
LEMMA 2. Let A E SL(3, Z) and let there exist a rational vector v such 
that Au = hv. Then A = f 1. 
Proof. The line Qv contains integer points which must be mapped 
onto themselves. Hence the eigenvalue must be + 1. q 
COROLLARY 1. Zf A E SL(3, Z) has a rational eigenvalue A, then A = 
+1. 
Proof. This follows from the fact that linear equations over Q have 
rational solutions or no solutions, and the previous lemma. •I 
THEOREM 3. Let F c SL(3, Z) be isomorphic to Z/nZ, n = 4 or 6, or 
Z/22 @ Z/22. Then F is a maximal abelian subgroup of SL(3, Z). 
Proof Case 1. F = Z/22 @ Z/22. By an elementary eigenvalue argu- 
ment F is similar to 
in SL(3, Q). If g E SL(3, Z) commutes with F then g has the rational 
coordinate axes as invariant subspaces. Hence by Lemma 2, 
i 
*1 
g= +l 
fl I 
and because Igl = 1, g E F. 
Case 2. F = Z/42 or Z/62. Then let g E SL(3,Z> commute with F. 
Then by Lemma 2, g is similar in SL(3, Q) to 
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Hence g, commutes with (-y i) or (f 1:). This easily implies that 
Jg,l = 1, and so 
Hence g ++ g is an isomorphism. But the matrices over R that commute 
with either i: 9 Or (; 3 are the circle group, and so g must 
generate a discrete subgroup of the circle group, and so is a finite cyclic 
group. This proves Theorem 3. 0 
We now come to the major structural theorem of this paper. It says that 
finite subgroups of SL(3,Z) have a subgroup analogous to a Cartan 
subgroup. 
THEOREM 4. Zf F is a finite subgroup of SL(3, Z), then F contains an 
Abelian normal subgroup that in maximal abelian in F. 
Praof: By Theorem 3, we may restrict our attention to the case where 
we start with an Abelian normal subgroup A c F that is isomorphic to 
Z/22 or Z/32. 
Case 1. Z/32 is a normal subgroup of F. For f E F, and g E Z/32, 
the mapping g - fgf- ’ determines an automorphism of Z/32, and so we 
have a homomorphism h: F -+ Aut(Z/3Z). Let K be the kernel of h. 
Clearly K is normal in F, and since k E K commutes with Z/32, it 
follows that considering F c O+(3) 
k’ E O+(2). 
Thus K is Abelian and by construction maximal abelian. 
Case 2. Z/22 is a normal subgroup of F. By the now standard 
argument F is similar over SL(3, Q> to matrices of the form 
Let K c F be the normal subgroup with + 1 in the upper left-hand 
corner. Since K ++ O+(2) is an isomorphism, K is Abelian. There are 
three subcases. 
Subcase 0. F = K and is Abelian. 
Subcase 1. F 1 K 2 A properly. It remains to show K is maximal 
Abelian. By assumption there exists k E K such that k’ # +I, lk’l = 1, 
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and if f E F, f $5 K, then 
f=(-’ f)’ If’l=-1. 
Hence fi # kf, and we are done. 
Subcase 2. K = A. Let f E F, f G A. Define 
f=(-’ f’). 
If’1 = - 1 and so its eigenvalues are f 1 and <f’12 = I. Hence F is 
generated by 
i 
-1 
I i 
-1 
-1 and 1 
1 -1 
and is isomorphic to Z/22 @ Z/22. q 
The existence of a maximal abelian, normal subgroup M strongly 
structures F, as we will now see: 
1. F/M * Aut(M) is an isomorphism. 
2. Let M = Z/22. Then F = M, since Aut(M) = 1. 
3. Let Aut(M) DC M c SL(3, Z), M # Z/22 or Z/32. Let F c 
SL(3,Z> and let F 3 M as a normal subgroup. Then F c M %I Aut(M). 
Proof. Let f E F. Then j&If-’ determines g E Aut(M). Hence g-‘f 
commutes with M. But M is maximal abelian in SL(3, Z). Hence g-‘f = 
a E M and f = ga E M >a Aut( M). 0 
4. Let M = Z/32 and F # M. Then F = M >a Aut(M). 
Proof. Aut(Z/3Z) = Z/22 and so 
1 + Z/32 -+ F --+ Z/22 --f 1 is exact 
and so IFI = 6. By Sylow’s theorems, F contains a subgroup of order 2 
and so F = M >a Aut(M). 0 
Notice if M = Z/nZ, n = 3,4,6, and 
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then Am(M) is generated by 
i 
If M = Z/22 g, Z/22 is generated by 
(’ -1 el) and (-’ -I 1), 
then Aut(M) z P(3), the permutation group on three letters, and Aut(M) 
is generated by 
(% i 81 and (-I -s -a]. 
Of course, P(3) G Z/32 >a Aut(Z/3Z). 
Combining all the above yields 
THEOREMS. A finite subgroup of SL(3, Z) is isomorphic to a subgroup of 
Z/nZ >a Aut(Z/nZ), n = 2,3,4, or 6, or (Z/22 @ Z/22) >a Aut(Z/2Z 
a3 Z/22). 
Remark. It is easy to verify that 
(Z/22 a3 Z/22) xl z/22 = z/4 x z/2. 
This is the only redundancy in the listing. 
2. INTEGER FORMS OF ABELIAN SUBGROUPS OF SL(3,Z) 
Let F,, F2 c SL(3, Z) be integer equivalent. In this section we will 
determine the number of integer forms of the finite abelian subgroups of 
SL(3, Z). 
LEMMA 3. Let M E SL(3, Z), Mk = I. Then M is integer equivalent to 
(l nlgkn$ 
where k = 2, 3, 4, or 6. 
Proof: M has an eigenvector with eigenvalue 1 over Q, and so we may 
choose an integer basis u,, u2, u3 of Z3 so that u1 spans the eigenvalue 1 
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space of M. Relative to this basis, M has the form 
If k = 2, M, = -I, and so we are done. If k = 3,4, or 6, then u,, u2, Mu, 
is a basis of Z3 relative to which M has the form of the lemma. 
Next observe that the subgroup of SL(3,Z) generated by 
is abelian, and conjugation by N maps 
where (m,, m,) = (ni, n,) + (gk - ZXu, b). Thus if L2 = Z2 is generated 
by (it,, n2), n,, n2 E Z, then (gk - Z)L2 is a subgroup, and any set of coset 
representatives of L2/(gk - Z)L2, (n,(a), n,(a)) are such that 
1 nd4 n2(4 
gk 
contain representatives from each integer class. 
Let C, be the centralizer of g, in SL(2, Z). Then C, acts on L2/(gk - 
Z)L2, and orbit representatives of C, under this action correspond to the 
integer forms of Z/kZ inSL(3,ZI. 
We will now work out the details for Z/kZ, k = 2,3,4,6. 
2.1. Integer Form for Z/2 
1. g, = (-i -y), and so g, - Z = (-z -i). 
2. L2/L(g, - I) = (Z 8 Z)/(2Z fB 22) z z/2 CB z/2. 
Thus the possibly distinct forms are represented by (0, 01, (0, l), (1, O), (1, l), 
the elements of the quotient lattice. 
3. But the centralizer of g, E SL(2, Z) is all of SL(2, Z), and 
@41)(; ;)=(l 1) 
(o,l)(; -;) =(l 0). 
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4. Thus, there are only two distinct forms. Representatives may be 
chosen to be: 
These forms are labelled P2 and B2 by crystallographers. The P stands 
for “primitive,” which in mathematical terms means “completely re- 
ducible.” Other letters refer to different Bravais lattices, which we do not 
discuss here. 
2.2. Integer Forms for Z/3 
1. g, = (y I:), and so g, - I = (-: 1:). 
2. det(g, - I) = 3, and so the quotient lattice is isomorphic to Z/3. 
Since 672, fr>( -i -’ = (0, k) has no integer solutions for k = f 1, there ) 
are three possibly-ckstinct forms represented by (0, O>, (0, 0, (0, - 1). 
3. But -I is in the centralizer of g,, and (0, l)( -r -1) = (0, - 1). 
4. Thus, there are only two forms, which we may represent by 
These forms are called P3 and R3, respectively. 
2.3. Integer Forms for Z/4 
1. g, = (; -$ andsog,-I=(-: 1:). 
2. det(g, - I> = 2 and so the quotient is of order two. So there are 
two possibly distinct forms, which we may represent by (0,O) and (0, 1). 
Clearly, these are distinct, since no matrix can move (0,O). So we have 
These forms are called P4 and 14, respectively. 
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2.4. Integer Forum for Z/6 
1. g, = (; -;), g, -I = (-; -;). 
2, det(g, - I> = 1, so the quotient lattice has one element, and there 
is only one integer form: 
(’ 8 -J. 
This form is called P6. 
2.5. Integer Forms for Z/2 B, Z/2 
It is easy to see that we may choose an integer basis so that if A and B 
generate Z/2 @ Z/2 we have 
A=[’ -“; Pf), and B=[-’ “; pi 
Since A* = B* = I and AB = BA, we have the relations 
a2 = 0, -2b, + b,b, = 0, a, = -b,. 
Clearly, conjugating by the subgroup N c SL(3, Z) given by the matrices 
carries the groups of the above form, isomorphic to Z/2 @ Z/2, onto 
themselves. The orbits of this group action contain at least one group in 
every integer equivalence class. A straightforward computation yields the 
six matrix groups listed below as orbit representatives: 
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III. 
B c 
0 
0 
I’” Ii -1 
0 0 
-1 
0 
0 
1 0 1 1 1 -1 -1 
-1 -1 it 1 I 
IV. 
-A 0 1
B C 
i’ -1 0 1I( -1 0 1 -1 0 1ii -1 -1 0 -1 1 I 
LEMMA 4. II, 111, and V are integer equivalent. 
Proo$ Each one of these forms has exactly one diagonal matrix. It is 
easily verified that the permutation of coordinates that takes one of these 
to another in fact carries one entire representation to the other. So we 
focus on I, IV, V, and VI, and show that they are inequivalent. 
A in I is not integer equivalent to any matrix in IV, or VI (else they 
would share an eigenvalue 1 space). Similarly, C in V, being diagonal, is 
not integer equivalent to any matrix in IV or VI. 
A, B, and C in I are integer equivalent, but C is not integer equivalent 
to A or B in V. Hence, I is a different form than V. 
So the last verification is that IV is not integer equivalent to VI. If they 
were equivalent, any P conjugating IV to VI would carry the eigenvectors 
of the one group to those of the other. 
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More precisely, compute: 
the eigenvectors associated with eigenvalue 1 in IV, 
1 0 -1 00~ I 0 1 -1; 00 2 
the eigenvectors associated with eigenvalue 1 in VI, 
If P were a similarity matrix, it would map the one set to the other, at 
least up to sign. For example, if Acz = (Y, B/3 = p, and P-‘AP = B, where 
(Y generates the unique eigenvalue 1 space of A and p generates the 
unique eigenvalue 1 space for B, then 
P- ‘APj? = Bj? = p 
A(W) = PP 
P/3 = hff; 
nowdetP= 1 *A = +l. 
But then, making these eigenvectors the columns of two matrices, say M 
and N, we would have PM = fN; and det(M) = +det(N) would follow. 
But this is not true. 
(The groups I, II, IV, and V are called P222, 1222, C222, F222, 
respectively.) 
3. INTEGER FORMS OF EXTENSIONS OF MAXIMAL 
AEIELIAN SUBGROUPS 
Z/2 has trivial automorphism group, so there is nothing to discuss here. 
Because Z/42,2/62,2/2 @ Z/2 are maximal abelian in SL(3, Z), it 
follows that if integer forms of the above groups extend to their automor- 
phism groups, they are unique. This is of course not true of Z/3, and so 
we have to be careful in treating this group. 
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3.1. Extensions of Z/3 
Let us start with the representative of Z/32 generated by g, 
It is straightforward to verify that if 
-1 0 0 
k,= i 0 0 1 
0 1 0 
then kf = I and k,gk, = g2. But for k, given by 
this is also true. It follows that the representatives of Z/32 XI Z/22 
generated by g and k, and g and k, are inequivalent. Since g and 
generate a maximal abelian subgroup of SL(3,Z>, there can be no other 
inequivalent forms. These two forms are denoted P312 and P321. 
Now consider the representation of Z/3 generated by 
We need to find k so that k2 = I and kgk = g2. By the usual eigenvector 
argument we know that k has the form, 
k= (’ n’k,n2), 
with lkll = - 1, and k,(y I:), k, = (1: i). It follows easily that 
kl = (; ;) Or ( -y -i)- 
14 
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and 
Now can we find n,, n2 so that k2 = I and kgk-’ = g2, and similarly for 
k*? We easily have that k2 = Z implies n, = n2, whereas (k*J2 = Z im- 
plies n1 = -n2. One verifies that kgk = g2 cannot hold for any integer 
value of n, but it holds for k* with n = 0. 
Hence the integer representation of Z/3 given by 
has only one extension to Z/3 >a Z/2, denoted by R32. 
3.2. Extensions of Z/4 
We have one non-completely reducible form, with generator 
(l -; 4). 
It is an easy matter to verify that 
i 
-1 0 0 
0 -1 
-1 0 I 
conjugates this into its own inverse, and hence represents the non-trivial 
automorphism of Z/4. Since Z/4 is maximal abelian in SL(3,Z>, there is 
no other extension of this form. So altogether for Z/4 >a Z/2 there are 
two integer forms, denoted by P422, and 1422. 
3.3. Extensions of Z/2 @ Z/2 
There are four forms of this group, and since Z/2 63 Z/2 is maximal 
abelian in SL(3, Z), we know that once we extend a representation in 
SL(3, Z) to a representation of (Z/2 CB Z/2) >a P(3), the extension will be 
unique. We list our forms for Z/2 @ Z/2: 
Form A 
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Form B 
1 0 
-1 
Form C 
i 1 -1 1 
Form D 
1 1 
0 -1 
0 0 
1 
ii 
-1 0 0 -1 0 -1 
0 1 1 -1 
-1 -1 ii 
-1 
1 I 
0 
ii 
-1 -1 0 -1 0 0 
0 1 0 0 
-1 -1 I( 
-1 
1 I 
1 
ii 
-1 -1 0 -1 0 -1 
0 1 0 
ii 
-1 0. 
-1 -1 1 I 
Now in Form C, we have seen that the diagonal matrix is not integer 
equivalent to the other two, and thus a cyclic group of order 3 cannot act 
on this representation non-trivially. Hence, Form C can only extend to 
(Z/2 @ Z/2) XI Z/2, a case we have covered since this group is isomor- 
phic to Z/4 >a Z/2. 
Form A we take care of by using 
P(3) z&v 1 0 0 
(ii e NY -: -11) 
and it is straightforward to compute that 
where by A we mean the group indicated in Form A. 
It remains to consider Forms B and D. We exhibit splittings for these 
two forms as follows: we conjugate our diagonal representation into each 
one, then observe that the conjugating matrices, though not in SL(3, Z), 
take our given representation of P(3) into integer matrices. Thus B and D 
have integer splittings, which are unique, since Z/2 @ Z/2 is maximal 
abelian in SL(3, Z). The computations are: Let 
16 
then 
AUSLANDER AND COOK 
! 1 0 ;’ h,’ = 1 + 1 7) 
and h,(A)h;’ = B. We also check that h,P(3)h;’ is a group of integer 
matrices: 
hl 
0 0 -1 0 0 -1 
Completely analagous computations using 
. I 
h,= [’ -i -:) and hyl= ’ f 
I 
1 
2 
0 
1 
T I 
show that Form D also extends to an integer representation of (Z/2 @ 
Z/2) XI Aut(Z/2 0 Z/2), 
h,-! 0 
l 
-1 1 
; hT2= -; -; 0 . 
0 0 -1 I i 0 0 -2 I 
Thus we have three integer forms for (Z/2 @ Z/2) >a P(3). P(3) has 
only one subgroup of order 3, from which it follows that (Z/2 @ Z/2) >a 
P(3) has a unique subgroup isomorphic to (Z/2 $ Z/2) >Q Z/3. Each 
form for the first group restricts to a form for the second, so we also have 
three forms for (Z/2 @ Z/2) >a Z/3. 
This completes the list of conjugacy classes of finite subgroups of 
X,(3, Z). The next order of business is to extend this list to a list of integer 
forms for all of GL(3,Z>. But first we summarize what we have done so 
far in Table I which lists our various forms, together with the names given 
to them by crystallographers. 
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TABLE I 
Partial Table of Point Groups 
Group SL(3,Z) forms 
I 
z/2 
z/3 
z/4 
Z/6 
z/2 @ z/2 
z/3 x z/2 
z/4 A z/2 
Z/6 >a z/2 
(Z/2 @ Z/2) %I z/3 
(Z/2 @ Z/2) M P(3) 
Pl 
P2 
B2 
P3 
R3 
P4 
14 
P6 
P222 
c222 
F222 
I222 
P312 
P321 
R32 
P422 
1422 
P622 
P23 
F23 
I23 
P432 
F432 
I432 
4. GOING FROM SL(3,Z) TO GL(3,Z) 
4.1. Construction I
For G c SL(3, Z), let G* = m(G, - I). Then G* is a group with twice 
as many elements as G, contained in GL(3, Z). It is obviously not already 
on our list, since it has elements with determinant - 1. 
4.2. Construction II 
Let z/2 = {+1} If (Y: G -+ Z/2 is a non-trivial homomorphism, then 
we have the coset decomposition of G, G = K(cu) U C(a), where K(a) is 
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the kernel of (Y, and C(a) is the pre-image of - 1. We form a new group, 
G(a) =K(a) u - C(a), 
where -C(cw) = { -Iglg E C(a)}. We note the following two things about 
&d: 
1. I cannot be conjugate to G, because it has elements with 
negative determinant. 
2. Let f: G + ?%(a) be defined by f(g) = g, if g E K(a), f(g) = -g 
if g E C(a). It is easy to verify that f is an isomorphism. 
We will now determine when two homomorphisms give rise to integer 
equivalent G’s under this construction. 
DEFINITION 1. If G c SL(3, Z), and (Y, p: G --f Z/2, we say LY N p if 
a(g) = p(hgh-‘) for some h E SL(3, Z), and for all g E G. 
It is straightforward to verify that 
Thus, we must classify, for each G c SL(3,Z>, inequivalent homomor- 
phisms onto Z/2. (Note. The trivial map into Z/2 simply recaptures G 
itself under the above construction.) 
Claim. Once we have done this, our classification of finite subgroups of 
GL(3, Z) up to integer equivalence will be complete. For if G is a 
subgroup of GL(3, Z), G c SL(3, Z), then det: G + Z/2 is onto. If 
-Z E G, then G = gp(K, -I), w ere h K is the kernel of det. And if 
-Z E G, then forming G+= K U - H, where K is the kernel, and H is 
the other coset, we see that G+c SL(3, Z), and G = ??+(a), where (Y: 
G --f Z/2 is obtained from the determinant map in the obvious way. 
The importance of this construction is twofold: 
1. If G has only one non-trivial homomorphism onto Z/2, 
2. If all automorphisms of G in SL(3, Z) are inner, then again, 
a- p-Cr=/3. 
We note that if A is maximal abelian in SL(3, Z), then G = A X Aut(A) 
has property 2 above. Thus, conditions one and two greatly reduce our 
computational burden. 
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4.3. Classification of Horns 
In this section we determine the non-trivial inequivalent homomor- 
phisms from each integer form in SL(3,Z) to Z/2: 
4.3.1. Z/2 admits one non-trivial map into itself, the identity map. 
4.3.2. Z/3 admits no non-trivial homomorphism to Z/2. 
4.3.3. Z/4 admits one non-trivial homomorphism to Z/2. 
4.3.4. Z/6 admits one non-trivial homomorphism to Z/2. 
4.3.5. Z/2 @ Z/2 requires more work. Let Z/2 @ Z/2 = (1, a, b, c). 
Abstractly, there are three non-trivial maps to Z/2, with kernel consisting 
of &a), m(b), and gp(c>, respectively. Two such maps are equivalent if 
and only if both the kernel and the other coset are integer equivalent. 
We must look at each form separately. We refer to the list of the four 
inequivalent forms found in the section on extensions of Z/2 @ Z/2. We 
have seen, in that section, that Forms A, B, and D all admit extensions to 
(Z/2 f$ Z/2) >a Aut(Z/2 @ Z/2). By our discussion above, any two ho- 
momorphisms onto Z/2 are equivalent, and these three forms each admit 
one equivalence class of such maps. 
Form C, on the other hand, only admits one automorphism, which is of 
order 2 and which can be represented by an integer matrix. This means 
that two of the elements of this form are equivalent, and so there are two 
classes of homomorphisms in this case. 
Summary. 
Form A admits one equivalence class of Z/2 horns; 
Form B admits one equivalence class of Z/2 horns; 
Form C admits two equivalence classes of Z/2 horns; 
Form D admits one equivalence class of Z/2 horns. 
4.3.6. Extensions of Z/6 and Z/4. By an elementary group theoretic 
discussion, there are three distinct homomorphisms of Z/n XI Z/2 onto 
Z/2, where n = 4 or 6. Hence by construction (2) above there are three 
inequivalent homomorphisms. 
4.3.7. Extensions of Z/3. Because Z/3 is the commutator of the 
group, Z/3 >a Z/2 admits one non-trivial homomorphism onto Z/2. 
4.3.8. Extensions of Z/2 @ Z/2. If G = (Z/2 @ Z/2) >a Z/3, then 
[G, Gl = Z/2 @ Z/2, and G/[G, G] = Z/3, and there are no non-trivial 
Z/2 homomorphisms. 
If G = (Z/2 @ Z/2) >a P(3), then there is exactly one non-trivial map 
from G to Z/2. 
ProoJ We show that the abelianization of G is Z/2. Let G = 
@(a, b, S, t), where gp(s, t) = P(3). Let t be the automorphism of order 3, 
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TABLE II 
Point Groups from Horn Construction 
Group SL(3, Z) forms # of Z/2 horns Forms induced by horns 
I 1 0 0 
z/2 2 1 2 
Z/3 2 0 0 
Z/4 2 1 2 
Z/6 1 1 1 
z/2 e4 z/2 Form A 1 1 
Form B 1 1 
Form C 2 2 
Form D 1 1 
z/3 x z/2 3 1 3 
z/4 )Q z/2 2 3 6 
Z/6 >a Z/2 3 3 
(Z/2 8 Z/2) M z/3 : 0 0 
(Z/2 Q Z/2) x P(3) 3 1 3 
Total 24 25 
TABLE III 
Table of Point Groups 
Group X43, Z) forms Adjoin -2 Horn construction 
I 
z/2 
Z/3 
Z/4 
Z/6 
z/2 $ z/2 
z/3 x z/2 
z/4 M z/2 
Z/6 X Z/2 
(Z/2 @ Z/2) >a z/3 
(Z/2 fB Z/2) >a P(3) 
Pl 
P2 
B2 
P3 
R3 
P4 
I4 
P6 
P222 
c222 
F222 
I222 
P312 
P321 
R32 
P422 
I422 
P622 
P23 
F23 
I23 
P432 
F432 
I432 
pi 
P2/m 
B2/m 
P3 
R3 
P4/m 
14/m 
P6/m 
Pmmm 
Cmmm 
Fmmm 
Immm 
P51m 
P?iml 
Rjm 
P4/mmm 
I4/mmm 
P6/mmm 
Pm3 
Fm3 
Im3 
Pm3m 
FmJm 
Im3m 
Pm 
Bm 
P4 
Ia 
PS 
Pmm2 
Amm2, Cmm2 
Fmm2 
Imm 2 
P3ml 
P31m 
R3m 
P4mm, Phm, P4m2 
I4mm, I&2m, IJm2 
Ptimm, Pi;Zm, Pgm2 
PBm 
Fbm 
Ia3m 
%DIMENSIONAL CRYSTALLOGRAPHIC GROUPS 21 
and s be the automorphism of order 2. Since P(3) is isomorphic to 
Z/3 >a Z/2, we have the relation sts = t2. If we add the relation st = ts, 
we get t = t2, or t = 1. Without loss of generality, tat- ’ = b and tbt - ’ = 
ab; hence in G/[G, G], II = b = 1. Thus G/[G, G] = gp(s> = Z/2. 
We summarize the information developed so far in Table II. 
For each integer form in G E SU3, Z) we may form a new space group 
by adjoining -I to get gp(G, - 1). Since groups of the form gp(G, - I) 
are 
1. not in SL(3, Z) 
2. not groups which arise from the horn construction (such groups do 
not contain -I), 
we can list 73 point groups as follows: 24 SL(3, Z) forms, 24 forms 
&G, - I), and 25 f orms from the horn construction. 
For convenience we now organize Table III with all the crystallographic 
names as they appear in the X-ray tables. The discussion needed to fully 
establish this correspondence is given in the paper of R. W. Johnson. 
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